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We present a complete and consistent theory of vector radially self-accelerating beams (RSABs).
We use this theory as a model for describing the properties of focussed RSABs, and to show,
in particular, that only circular polarised RSABs maintain their self-accelerating character upon
focussing. Moreover, we also calculate the linear and angular momentum for paraxial vector RSABs,
and discuss both their global and local properties.
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2I. INTRODUCTION
Accelerating beams, i.e., electromagnetic fields that propagate along curved trajectories in free space without being
subject to any external force, have been the subject of a thorough investigation in the last years. The most famous
representative of such class of beams is, without doubts, the Airy beam. Firstly introduced in the context of quantum
mechanics by Berry and Balazs as an exotic solution of the Schro¨dinger equation [1], it was then introduced in optics in
2007 by Siviloglou and co-workers [2, 3], as an exact solution of the paraxial equation propagating along a parabolic
trajectory in free space. Due to their intriguing features, Airy beams were studied in different contexts, such as
nonlinear optics [4], particle manipulation [5], and proposed as an efficient way to generate curved plasma channels
[6].
Inspired by these results, the last years witnessed the emergence of many different types of accelerating beams
in different coordinate systems, such as parabolic [7] and Weber [8] beams. Moreover, beams of light capable to
propagate along curved [9–11] and arbitrary [12, 13] trajectories, has also been proposed. Recently, two new classes
of accelerating beams have been introduced, namely angular [14, 15] and radially self-accelerating beams [16, 17].
While the former acquire angular acceleration during rotation around their optical axis [14], the latter exhibit radial
acceleration, a feature which makes them propagate along spiralling trajectories around their optical axis.
Radially self-accelerating beams (RSABs) can be understood in terms of superpositions of Bessel beams, where each
single component is characterised by an angular velocity proportional to the amount of orbital angular momentum it
carries. This, ultimately, results in an electromagnetic field, whose transverse field or intensity distribution rotates
around the propagation direction with a given constant angular velocity Ω [16]. Among the vast zoology of RSABs,
in particular, helicon beams, i.e., a subclass of RSABs consisting of rotating diffraction-free beams based on the
superposition of two Bessel beams with opposite orbital angular momentum, have attracted a lot of interest in the
last decades [17–26]. Beyond helicon beams, RSABs have potentially significant applications in different areas of
physics, such as sensing [6], material processing [27, 28], and particle manipulation [29, 30].
Despite this broad interest, RSABs have only been defined within the scalar electromagnetic theory, and their vector
nature, as well as the effect of focussing on their self-accelerating character, has not been yet investigated. In this
work, therefore, we introduce vector RSABs, and study their vector properties, in terms of their linear and angular
momentum content. Moreover, we carefully analyse what is the impact of focussing on the self-accelerating character
of RSABs, and under which conditions the focussing process does not spoil this property.
This work is organised as follows: in Sect. 2 we briefly recall the definition of RSABs, and recall some of their main
properties. In Sect. 3 we use the method of Hertz potentials to construct vector RSABs, and use these solutions as
a model for focussed RSABs. Then, we derive a condition on the polarisation that a scalar RSAB must possess, in
order to maintain its self-accelerating character upon focussing. Section 4 is then devoted to calculate the linear and
angular momentum for paraxial, intensity rotating RSABs. Conclusions are then drawn in Sect. 5.
II. RADIALLY SELF-ACCELERATING BEAMS
We start our analysis by considering scalar, monochromatic, free space solutions of the Helmholtz equation(∇2 + k20)ψ(r) = 0, (1)
where k0 is the vacuum wave vector. The most general solution of the above equation in cylindrical coordinates, can
be given in terms of superposition of Bessel beams, i.e.,
ψ(r) =
∑
m
∫
dξ Cm(ξ)Jm(ρ
√
1− ξ2)ei(mθ+ξζ), (2)
where ρ = k0R, and ζ = k0z are normalised radial and longitudinal coordinates, Jm(x) is the Bessel function of the
first kind [31], and the integration variable ξ = cosϑ0 plays the role of the Bessel cone angle ϑ0 [32].
From the above solution, it is possible to extract RSABs by applying the requirements that Eq. (2) must fulfil,
in order to be a RSAB [16]. First, ψ(r) must propagate freely, and not under the action of a certain potential.
Then, there should exist a suitable reference frame, in which ψ(r) is manifestly propagation invariant, i.e., no explicit
ζ-dependence must appear. Finally, an observer at rest in such reference frame should experience a fictitious force,
which, ultimately, is at the core of self-accelerating character of RSABs.
Whle the first requirement is automatically met by the fact that we are considering free space propagation, the
second one is very useful to define RSABs properly. Once it is fulfilled, in fact, it is not hard to show that the third
requirement follows accordingly. We therefore require, that, after a suitable coordinate transformation r′ = S r, the
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FIG. 1. Intensity and phase distribution for field rotating RSABs (top row) and intensity rotating RSABs (bottom row).
Panels (a), (b), (e), and (f) correspond to the intensity and phase distributions at z = 0, while panels (c), (d), (g), and (h) to
z = 0.8(2pi/Λ). Moreover, for the top row, the intensity and phase distributions have been plotted in the region 0 ≤ ρ ≤ 10,
while for the lower row in the region 0 ≤ ρ ≤ 1200 has been chosen. The difference in the plotting range for the normalised
radial coordinate ρ reflects the paraxial (bottom) and nonparaxial (top) character of the plotted RSABs. In all these figures,
Λ = 10−5 (corresponding to an angular velocity of Ω ' 75 rad/m at λ = 800 nm), mmax = 4, and Dm = 1 has been used.
For the top row, β is set to zero, while for the bottom row β = 1 −mmaxΛ = 0.99996 (corresponding to a value of a global
propagation constant β0 ' 7.8 µm−1 for λ = 800 nm) has been used. The white arrow in the intensity profiles show the
direction of rotation.
field ψ(r′) in the new coordinate frame is manifestly propagation invariant, i.e., ∂ψ(r′)/∂ζ = 0. To this aim, we
introduce the co-rotating coordinate Φ = θ+Λζ, and choose the expansion coefficient as Cm(ξ) = Dmδ(ξ−(mΛ+β)),
where Λ = Ω/k0 > 0 is the normalised angular velocity of the RSAB, and β is a free (dimensionless) parameter, with
the physical meaning of a normalised propagation constant. Substituting this Ansatz in Eq. (2) we get the following
result
ψRSAB(ρ,Φ) = e
iβζ
∑
m∈M
DmJm(αmρ)e
imΦ, (3)
where αm =
√
1− (mΛ + β)2, and M = {m ∈ N : αm > 0}. For β = 0, the above field is manifestly propagation
invariant, as no explicit ζ-dependence is present. Moreover, its amplitude and phase both rotate with normalised
angular velocity Λ during propagation. For β 6= 0, on the other hand, the field itself is not anymore propagation
invariant, due to the presence of the global phase factor exp (iβζ). Nevertheless, the intensity |ψRSAB(ρ)|2 is propa-
gation invariant also for β 6= 0. In this case, however, while both intensity and phase propagate describing spiralling
trajectories, they are not synchronised anymore. These two classes of RSABs are called field rotating, and intensity
rotating, respectively [16].
It is worth noticing, moreover, that while for β = 0 the set M contains only positive integers, for β 6= 0 positive
and negative values of m are allowed. Thus, helicon beams, for example, are a particular case of intensity rotating
RSABs, where only two Bessel beams are participating in the sum in Eq. (3) An Example of both classes of RSABs
is given in Fig. 1.
Of particular interest are RSABs with Λ 1. Since Λ = Ω/k0, this condition corresponds to RSABs, whose actual
angular velocity Ω is much smaller than the beam’s wave vector k0. This, ultimately, corresponds to experimentally
4realisable RSABs. In the rest of this manuscript, if not specified otherwise, we will always implicilty assume that
Λ 1 holds. This assumption, moreover, has different consequences for field and intensity rotating RSABs.
In the former case (i.e., for β = 0), Λ  1 implies that the (normalised) transverse momentum of each Bessel
component is given by αm =
√
1−m2Λ2 ' 1 + O(m2Λ2). If we recall, that the transverse momentum of a Bessel
beam is related to the Bessel cone angle by the relation k⊥ = k0 sinϑ0, a value of the normalised transverse momentum
αm ' 1 corresponds to ϑ0 ' pi/2, i.e., to a highly nonparaxial Bessel beam.
Despite this fact, however, the nature of the resulting RSAB can be tuned at will between paraxial and nonparaxial,
by simply changing the number of Bessel beams that participate to the sum in Eq. (3). To obtain nonparaxial RSABs,
it is sufficient to limit the summation in Eq. (3) to mmax = max{M} <
⌈
Λ−1
⌉
. In this case, in fact, the transverse
momentum of every Bessel component will be αm ' 1, and the resulting RSAB will be highly nonparaxial.
On the other hand, if one includes only values of m, that are close to
⌈
Λ−1
⌉
, i.e., if m ∈ [mmax − m¯,mmax] in Eq.
(3)[? ], then mΛ ' 1, and, correspondingly, αm ' 0. In this case, all Bessel components will be paraxial (i.e., the
correspondent cone angle will be ϑ0  1), and the resulting RSAB can also be interpreted as a paraxial beam.
For intensity rotating RSABs (i.e., for β 6= 0), instead, αm can be made arbitrarily small, independently from the
value of Λ, by suitably tuning the parameter β. In this case, then, the paraxial limit is simply obtained by choosing
β such that αm ' 0, i.e., β = 1 −mmaxΛ, with mmax = max{M}. Notice, that with this choice of β, αmmax = 0,
and therefore the sum in Eq.(3) extends to mmax − 1, as Jmmax(αmmaxρ) = 0.
This extra flexibility in tuning the propagation constant β and the angular velocity Λ independently makes intensity
rotating RSABs easier to generate and manipulate experimentally, than their field rotating counterparts [16, 17].
III. VECTOR RADIALLY SELF-ACCELERATING BEAMS
The solution presented in Eq. (3) describes scalar RSABs. In many situations, however, a scalar representation of
the electromagnetic field is not enough to fully describe its properties. A typical example is the focussing of a beam
of light by means of a thick lens. On the focal plane of the lens, in fact, the scalar approximation given by Eq. (3)
would fail to describe the properties of a focussed RSAB, and a full vector theory should be instead employed. A
simple way to retrieve a full vector solution of Maxwell’s equations from a solution to the scalar Helmholtz equation
is given by the method of Hertz potentials [33, 34]. First, one defines the Hertz potential Π(r, t) = ψ(r) exp (−iωt)fˆ ,
where fˆ is a suitable polarisation unit vector, and ψ(r) is a solution of Eq. (1). Then, the vector electric and magnetic
fields can then be retrieved from Π(r, t) as follows:
E(r, t) = −∂Π(r, t)
∂t
, (4a)
B(r, t) = ∇×∇×Π(r, t). (4b)
In the general case, both an electric (Πe) and magnetic (Πm) Hertz potential should be introduced, each accounting
for the sources of electric and magnetic field, respectively. For free space propagation, however, no sources are present,
and the electric and magnetic Hertz potential coincide (up to a global constant), i.e., Πe = Πm ≡ Π [33]. According
to the convention adopted by Jackson [35], the electric and magnetic fields defined by Eqs. (4) correspond to TE
fields. The TM fields, however, can be obtained straightforwardly from the TE ones by setting ETM → BTE , and
BTM → −ETE/c2.
To calculate the vector electric and magnetic fields corresponding to RSABs, we first rewrite Eq. (3) as ψRSAB(r) =∑
mDmφm(r), with φm(r) = exp [imθ + i(mΛ + β)ζ]Jm(αmρ) being the usual Bessel beam [32]. This allows us to
define the Hertz potentials for RSABs in terms of the Hertz potentials for ordinary Bessel beams, i.e.,
Π(r, t) =
∑
m∈M
DmP
(m)(r, t) (5)
where
P(m)(r, t) = φm(r)e
−iωtfˆ (6)
is the Hertz potential corresponding to a single Bessel beam φm(r), whose polarisation is defined by the unit vector
fˆ . Then, using Eq. (4), we can first calculate the electric and magnetic vector fields for a single Bessel beam, namely
E(m)(r, t) = −∂P
(m)(r, t)
∂t
, (7a)
B(m)(r, t) = ∇×∇×P(m)(r, t). (7b)
5Then, the electric and magnetic fields of vector RSABs can be written as follows:
E(r, t) =
∑
m∈M
DmE
(m)(r, t), (8a)
B(r, t) =
∑
m∈M
DmB
(m)(r, t). (8b)
A. The Role of Polarisation of Hertz Potential in Determining the Properties of Vector RSABs
Vector beams are frequently used as a model to describe focused light. From this perspective, the method of Hertz
potential offers an intuitive and insightful perspective on the process of focussing of a beam of light by a lens, or
an objective, for example. In fact, one can interpret the Hertz potential Π as the electromagnetic field before the
focussing system, consisting of a scalar field distribution, and a given polarisation fˆ . The vectorialisation procedure
described in Eqs. (4), then, represents the full vector field after the focussing process (for example, in the focal plane
of a lens). Because of the structure of Eqs. (4), it is not difficult to see, that the initial polarisation fˆ possessed by
the field will contribute in determining all the components of the focussed field.
For the case of RSABs, it is interesting to see whether the vectorialisation procedure described above (i.e., the
focussing process) preserves their self-accelerating character, or, in case it does not, under which conditions the self-
accelerating character of RSABs is preserved. To do so, first we introduce the polarisation vector fˆ = fpxˆ + fsyˆ
(where fp,s ∈ C, and |fp|2 + |fs|2 = 1). Then, we use Eqs. (6) and (7) to calculate the vector electric and magnetic
fields corresponding to arbitrary polarised Bessel beams. Because of the intrinsic cylindrical symmetry of RSABs, we
also introduce a (normalised) cylindrical reference frame {ρˆ, θˆ, ζˆ}. In this reference frame, the electric and magnetic
fields of a single vector Bessel component can be written as
E(m)(ρ, t) = ei(βζ−ωt+mΦ)
[
E(m)ρ (ρ)ρˆ + E
(m)
θ (ρ)θˆ + E
(m)
ζ (ρ)ζˆ
]
, (9a)
B(m)(ρ, t) = ei(βζ−ωt+mΦ)
[
B(m)ρ (ρ)ρˆ +B
(m)
θ (ρ)θˆ +B
(m)
ζ (ρ)ζˆ
]
, (9b)
(9c)
where Φ = θ+ Λζ is the co-rotating coordinate defined in the previous section, and the field components are given by
E(m)ρ (ρ) = ω(β +mΛ)(fs cos θ − fp sin θ)Jm(αmρ), (10a)
E
(m)
θ (ρ) = −ω(β +mΛ)(fp cos θ + fs sin θ)Jm(αmρ), (10b)
E
(m)
ζ (ρ) =
mω
ρ
Jm(αmρ)(fp cos θ + fs sin θ)
+ iω
[
αmJm−1(αmρ)− m
ρ
Jm(αmρ)
]
(fs cos θ − fp sin θ), (10c)
for the electric field, and
B(m)ρ (ρ) = −
αm
ρ
[(fp − imfs) cos θ + (fs + imfp) sin θ] J
′
m(αmρ)
− 2imJm(αmρ) [(fs + imfp) cos θ − (fp − imfs) sin θ] , (11a)
B
(m)
θ (ρ) =
im
ρ
(fp cos θ + fs sin θ)
[
αmJ
′
m(αmρ)− Jm(αmρ)
]
+ (fs cos θ − fp sin θ)
[
(β +mΛ)2Jm(αmρ)− α2J
′′
m(αmρ)
]
, (11b)
B
(m)
ζ (ρ) = −
m(β +mΛ)
2
(fs cos θ − fp sin θ) Jm(αmρ)
+ iαm(β +mΛ) (fp cos θ + fs sin θ) J
′
m(αmρ), (11c)
for the magnetic field. In the equations above, J
′
m(αmρ), and J
′′
m(αmρ) are the first and second derivative of the Bessel
function with respect to their argument, respectively [31]. The electric and magnetic fields of arbitrary polarised
RSABs can be then constructed by substituting the expresisons above into Eqs. (10). Their explicit expression is
reported in Appendix A, for completeness.
6B. Polarisation Constraint for Vector RSABs
In Sect. 2, we have described the requirements that a scalar field must fulfill, in order to be a RSAB. In particular,
the most important requirement is the existence of a suitable co-rotating reference frame, in which the field appears
propagation invariant. If such reference frame exists, an observer at rest in such reference frame would then experience
a fictitious centrifugal force.
For scalar fields, however, this condition is independent on polarisation, as it only applies to the field distribution,
and not to the constant polarisation pattern possessed by the field. For vector beams, on the other hand, this
assumption may not be valid anymore, as different polarisation states are focussed in different ways, thus resulting in
a mixing of the various field components [36]. In this case, then, it is necessary to investigate under which condition
the polarisation coefficients fp and fs preserve the self-accelerating character of vector RSABs. A natural way to
prove this, is to impose that vector RSABs fulfill the same requirements described in Sect. 2.
To do so, we first define a suitable co-rotating reference frame, in which the electric and magnetic fields of a
vector RSAB appear propagation invariant. If such reference frame exists, this automatically implies that the self-
accelerating character has been preserved by the vectorialisation procedure. This means, that the electric (magnetic)
field described by the first (second) of Eqs. (8) must be propagation invariant in a co-rotating reference frame ρ′ = Sρ
defined by the following coordinate transformation ρ
′ = ρ,
Φ = θ + Λζ,
ζ ′ = ζ.
(12)
In principle, one should check that both the electric and the magnetic field are independently propagation invariant
in this reference frame. However, Maxwell’s equation impose that if one field fulfills the requirement, the other must
fulfill it too. For this reason, we limit or analysis to the electric field only. The same condition that we will derive for
the polarisation coefficients fp and fs will apply to the magnetic field as well, and can be also derived using the same
approach with the magnetic, rather than electric, field.
We then start by separating the electric field into its transverse and longitudinal parts, namely E(ρ′) = E⊥(ρ′) +
E‖(ρ′), and require that they are both propagation invariant, i.e., ∂E⊥,‖(ρ′)/∂ζ = 0. Instead of dealing directly with
this condition, however, we can require that the transverse and longitudinal intensities, rather than amplitudes, are
propagation invariant. By doing this, we are formally requiring that only intensity rotating RSABs remain propagation
invariant upon focussing. However, if the intensity of a field is independent from ζ, its amplitude will be ζ-independent
as well, and the ζ dependence can be at most contained into a phase factor. Once the condition on the intensity has
been met, one could then look at the phase of the corresponding field, and check, whether it remains synchronised
with its corresponding intensity profile.
The transverse |E⊥(ρ)|2 = |Eρ|2 + |Eθ|2, and longitudinal
∣∣E‖(ρ)∣∣2 = |Eζ |2 intensities can be calculated using the
expressions given in Appendix A, thus obtaining
|E⊥(ρ)|2 =
∑
m∈M
∣∣∣E(1)m (ρ)∣∣∣2 + 2 ∑
n 6=m∈M
E(1)m (ρ)
[
E(1)n (ρ)
]∗
cos [(m− n) Φ] , (13a)
∣∣E‖(ρ)∣∣2 = G1(ρ, θ) + 2 ∑
n 6=m∈M
E(2)m (ρ)
[
E(3)n (ρ)
]∗ {
apas cos
2 θ sin [(m− n) Φ−∆]
− (a2p − a2s) sin θ cos θ sin [(m− n) Φ]− apas sin2 θ sin [(m− n) Φ + ∆]
}
(13b)
where we have rewritten the polarisation coefficients as fp = ap, fs = as exp (i∆) (with ap, as,∆ ∈ R), being ∆ the
relative phase between the two polarisation components, and
G1(ρ, θ) =
∑
m∈M
{
a2p
[
cos2 θ
∣∣∣E(2)m (ρ)∣∣∣2 + sin2 θ ∣∣∣E(3)m (ρ)∣∣∣2]
+ a2s
[
cos2 θ
∣∣∣E(3)m (ρ)∣∣∣2 + sin2 θ ∣∣∣E(2)m (ρ)∣∣∣2]
+ 2apas
(∣∣∣E(2)m (ρ)∣∣∣2 − ∣∣∣E(3)m (ρ)∣∣∣2) sin θ cos θ cos ∆}. (14)
Equations (13) already contain an important information. No matter the polarisastion, the transverse intensity always
remains propagation invariant, as no explicit ζ-dependence appears in the expression of |E⊥(ρ)|2.
7The longitudinal part of the intensity, on the other hand, contains terms that depend on sin θ and cos θ. Once
transformed in the co-rotating frame, these terms become ζ-dependent, as θ = Φ − Λζ. To avoid this problem, the
polarisation coefficients must be chosen in such a way to guarantee the propagation invariance of the longitudinal
intensity as well. The condition on ap, as, and ∆ can be then found by requiring that
∂
∣∣E‖(ρ)∣∣2
∂ζ
=
(
a2p − a2s
){
[F2(ρ)− F3(ρ)] sin 2θ + F4(ρ) cos 2θ
}
+ apas cos ∆ {F4(ρ) sin 2θ − [F2(ρ)− F3(ρ)] cos 2θ} = 0, (15)
where the functions Fk(ρ) (with k = {1, 2, 3, 4}) can be determined from Eqs. (13b) and (14). It is not difficult to
see, that the above equation is satisfied if and only if ap = as, and ∆ = ±pi/2. Moreover, since |fp|2 + |fs|2 = 1,
this condition implies that fp = 1/
√
2, and fs = ±i/
√
2., which correspond to left-handed (+) and right-handed (−)
circular polarisation, respectively
This is the main result of our work. Vector RSABs only maintain their self-accelerating character if the polarisation
of the Hertz vector is chosen to be circular. In other words, when focussing polarised RSABs, only circular polarisation
is allowed, in order to preserve the self-accelerating character of the focused RSABs.
A simple explanation of this result can be given by looking at the symmetry of the scalar and vector beams,
respectively. In the scalar case, in fact, RSABs naturally possess cylindrical symmetry, due to their transverse profile.
By virtue of this symmetry, the co-rotating coordinate can be chosen as a ζ-dependent azimuthal coordinate, namely
Φ = θ + Λζ. Upon focussing, the overall cylindrical symmetry must be preserved, in order for the vector RSAB to
maintain its self-accelerating character. This, ultimately, constraints the polarisation to be chosen as circular.
C. Vector Fields from Circularly Polarised RSABs
We now apply the polarisation constraints derived above and investigate the form of the electric and magnetic fields
generated by focussing circularly polarised RSABs. By substituting fp = 1/
√
2 and fs = iσ/
√
2 into Eqs. (10) and
(11), and using Eqs. (8), the electric and magnetic fields of a circularly polarised focussed RSAB can be written as
E(ρ, t) =
∑
m∈M
em(ρ) e
i[(m+σ)θ+(β+mΛ)ζ−ωt], (16a)
B(ρ, t) =
∑
m∈M
bm(ρ) e
i[(m+σ)θ+(β+mΛ)ζ−ωt], (16b)
where σ = ±1 is the helicity index, which distinguishes between left-handed (+) and right-handed (−) circular
polarisation [37], em(ρ), and bm(ρ) are radially dependent vector field, whose explicit expression, is given by
em(ρ) = σDmω
{
i(β +mΛ)Jm(αmρ) hˆσ −
[
αmJm−1(αmρ)− m
ρ
Jm(αmρ)
]
ζˆ
}
, (17a)
bm(ρ) =
Dm√
2
{
(1 +mσ)
[
αm
ρ
J
′
m(αmρ) + 2mσJm(αmρ)
]
ρˆ
+ i
{
m
ρ
[
J
′
m(αmρ)− Jm(αmρ)
]
+ σ
[
(β +mΛ)2Jm(αmρ)− α2mJ
′′
m(αmρ)
]}
θˆ
+ i(β +mΛ)
[
αmJ
′
m(αmρ)−
mσ
2
Jm(αmρ)
]
ζˆ
}
, (17b)
where hˆσ =
(
ρˆ + iσθˆ
)
/
√
2 = (xˆ + iσyˆ)
√
2 is the helicity basis [37]. For experimentally realisable RSABs, Λ  1.
Within this approximation, one should distinguish between field rotating, and intensity rotating vector RSABs. For
the former, β = 0, and the radial and azimuthal components of the electric field, as well as the longitudinal component
of the magnetic field, are O(Λ), and can therefore be neglected, leaving a purely longitudinal electric field, and a purely
8Intensity Phase
FIG. 2. Intensity and phase distribution for the longitudinal component Eζ of the electric field described by Eq. (18a), for
σ = 1. Panels (a) and (b) correspond to the intensity and phase distributions at z = 0, while panels (c), (d) to z = 0.8(2pi/Λ).
These plots are made assuming 0 ≤ ρ ≤ 10. The plot parameters are the same as the one chosen for Fig. 1. The white arrow
in the intensity profiles show the direction of rotation.
transverse magnetic field, namely
E(ρ, t) '
(
−σω√
2
) ∑
m∈M
Dm
[
αmJm−1(αmρ)− m
ρ
Jm(αmρ)
]
ei[(m+σ)θ+mΛζ−ωt]ζˆ, (18a)
B(ρ, t) ' 1√
2
∑
m∈M
Dm
{
(1 +mσ)
[
αm
ρ
J
′
m(αmρ) + 2mσJm(αmρ)
]
ρˆ
+ i
[
m
ρ
J
′
m(αmρ)−
m
ρ
Jm(αmρ)− σα2mJ
′′
m(αmρ)
]
θˆ
}
ei[(m+σ)θ+mΛζ−ωt]. (18b)
For intensity rotating vector RSABs, and within the paraxial approximation, (β + mΛ) ' 1, and therefore αm  1.
In this case, all three components of the electric and magnetic field are nonzero, and assume the following, simplified,
form:
E(ρ, t) '
∑
m∈M
σωDm
{
iJm(αmρ) hˆσ − m
ρ
Jm(αmρ)ζˆ
}
ei[(m+σ)θ+(β+mΛ)ζ−ωt], (19a)
B(ρ, t) '
∑
m∈M
Dm√
2
{
2m(σ +m)Jm(αmρ)ρˆ + i
[
m
ρ
J
′
m(αmρ)−
m
ρ
Jm(αmρ)
]
θˆ
− imσ
2
Jm(αmρ)ζˆ
}
ei[(m+σ)θ+(β+mΛ)ζ−ωt]. (19b)
From the expressions above, it appears clear that, upon focussing, the electric field maintains the original circular
polarisation (in the transverse plane) of the focussed beam, while the polarisation of the magnetic field gets mixed.
This, however, is only a result of the fact that we only considered TE fields to start with. If one would repeat the
above calculations for TM fields, in fact, the result would be the same, with the magnetic field retaining the original
polarisation and the electric field being mixed up. In the most general case, where both TE and TM waves are present,
each field has these two components of polarisation, thus resulting in a more complex polarisation pattern.
The intensities and phases of the electric field components for field rotating and intensity rotating RSABs are
reported in Figs. 2, and 3, respectively. As it can be seen from Fig. 2(d), upon focussing, field rotating vector RSABs
lose their property, that intensity and phase profile are synchronised in rotation during propagation. This, ultimately
is due to the fact that while the field intensity contains terms of the form cos [(m− n) (θ + Λζ)], the phase contains
terms that oscillate like cos [m (θ + Λζ) + σθ]. The presence of the extra term σθ (which disappears in the intensity)
is then responsible for the different evolution of amplitude and phase of the field, as it corresponds to a ζ-dependent
term, once transformed in the co-rotating frame.
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FIG. 3. Intensity and phase distribution for the radial (top row) and longitudinal (bottom row) components of the electric field
described by Eq. (19a), for σ = 1. Panels (a), (b), (e), and (f) correspond to the intensity and phase distributions at z = 0,
while panels (c), (d), (g), and (h) to z = 0.8(2pi/Λ). These plots are made assuming 0 ≤ ρ ≤ 1200. The azimuthal component
of the field is not shown, as its intensity profile is the same as the radial one [ see Eq. (19a)]. The plot parameters are the
same as the one chosen for Fig. 1. The white arrow in the intensity profiles show the direction of rotation.
IV. LINEAR AND ANGULAR MOMENTUM DENSITIES OF VECTOR RSABS
In this section, we calculate the linear and angular momentum for intensity rotating vector RSABs. We limit
ourselves to the paraxial case, as within this approximation, we can separate the angular momentum in its spin and
orbital parts. This gives us the possibility to distinguish between intrinsic and extrinsic orbital angular momentum of
vector RSABs, and to then isolate the extrinsic contribution given by the fact that the intensity rotates with angular
velocity Λ.
Following Jackson, the linear and angular momentum of the electromagnetic field are defined as follows [35]:
P =
∫
d2ρp(ρ), (20a)
J =
∫
d2ρ j(ρ), (20b)
where
p(ρ) =
ε0
2
Re {E(ρ)×B∗(ρ)} , (21a)
j(ρ) =
ε0
2
Re {ρ× p(ρ)} , (21b)
are the correspondent densities, d2ρ = ρdρdθ, and the integrals are extended over the whole space.
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As it can be seen from Eqs. (3) and (16), RSABs are defined in terms of superpositions of Bessel beams. Therefore,
as Bessel beams cary infinite energy, the above integrals diverge, and linear and angular momentum (as well as
energy) are not well defined quantities for RSABs. This problem, however, can be overcome in different ways, by
introducing different forms of regularisation. For example, one could limit the radial integration, up to a maximum
radius. Alternatively, one could insert a regularisation function, such a Gaussian function, in the radial integrals to
make them finite. Physically speaking, both regularisations can be implemented. The former, in fact, corresponds
to use a pupil of a fixed diameter to filter the field. The latter, on the other hand, corresponds to describe RSABs
in terms of Bessel-Gauss beams, which, de facto, are the closest approximation to Bessel beams that can be realised
experimentally.
In the remaining of this section, we calculate the explicit expressions for both the momentum densities, and their
integrated counterpart. For the sake of simplicity, however, we will not compute the radial integrals. These, in fact,
only contribute to a multiplicative constant, and do not carry any valuable information for the purpose of investigating
the properties of linear and angular momentum of RSABs.
A. Linear Momentum
If we substitute the expressions of the electric and magnetic fields of a paraxial RSABs as given by Eqs. (16) into
Eq. (21a), the linear momentum density can be written as follows:
p(ρ) =
∑
m,n∈M
|DmDn|ωε0
4
{
P (m,n)ρ (ρ) sin [(m− n) (θ + Λζ) + φm − φn] ρˆ
+ P
(m,n)
θ (ρ) cos [(m− n) (θ + Λζ) + φm − φn] θˆ
+ P
(m,n)
ζ (ρ) cos [(m− n) (θ + Λζ) + φm − φn] ζˆ
}
, (22)
where φm,n = arg[Dm,n], and
P (m,n)ρ (ρ) = σJm(αmρ)
{[
mn
ρ2
− mσ(β + nΛ)
2
ρ
− n(β +mΛ)(β + nΛ)
2
]
Jn(αnρ)
− mn
ρ2
J
′
n(αnρ)
}
, (23a)
P
(m,n)
θ (ρ) = σ
[
2mn(n+ σ)
ρ
+
nσ(β +mΛ)(β + nΛ)
2
]
Jm(αmρ)Jn(αnρ), (23b)
P
(m,n)
ζ (ρ) = (β +mΛ)Jm(αmρ)
{[
(β + nΛ)2 + 2n(n+ σ)− nσ
ρ
]
Jn(αnρ)
+
n
ρ
J
′
n(αnρ)
}
, (23c)
where terms of order O(αm) have been neglected, since in the paraxial regime αm  1. The components of the
linear momentum density are shown in Fig. 4. Notice, that the transverse part of the linear momentum presents an
unusual characteristic. While it rotates clockwise along the propagation direction, as the intensity distribution of the
correspondent RSAB does, the local orientation of the transverse momentum is purely azimuthal (despite p(ρ) has a
nonzero radial component), and always directed in the opposite direction, with respect to the rotation direction of the
RSAB, as it can be seen from the white arrows in Fig. 4(a). This has an interesting consequence for applications such
particle manipulation and material processing, where the local, rather than the global, behaviour of the momentum
plays an important role. While the RSAB (and, with it, the transverse momentum density) rotates clockwise during
propagation, a particle placed in the vicinity of a RSAB will experience a local momentum, that will tend to push it in
the opposite direction. This effect, however, is purely local, and it disappears when considering the whole momentum.
To understand this, let us integrate Eq. (22) over the transverse space. The linear momentum can be then written
as follows
P =
∑
m∈M
|Dm|2
[
P(m)θ θˆ + P(m)ζ ζˆ
]
, (24)
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FIG. 4. Transverse (a) and longitudinal (b) components of the linear momentum density, as given by Eq. (22), in the plane
ζ = 0, for σ = 1. The white arrows in panel (a) represent the flow of the transverse component of the linear momentum density.
As it can be seen, the transverse momentum density always points in the opposite direction with respect to the field rotation
(red arrow). These plots are made assuming 0 ≤ ρ ≤ 1200. The plot parameters are the same as the one chosen for Fig. 1.
The red arrow in both panels show the direction of rotation of the RSAB intensity.
where
P(m)λ =
piωε0
2
∫ ∞
0
dρ ρP
(m,m)
λ (ρ), (25)
where λ ∈ {θ, ζ}. Notice that the radial integrals (once regularised) amount to a positive constant. Moreover, there
is no radial component of the momentum, since the radial part of p(ρ) depends on sin[(m− n)(θ + Λζ) + φm − φn],
which gives zero once integrated with respect to the azimuthal coordinate θ.
B. Spin and Orbital Angular Momentum
To calculate the spin and orbital angular momentum for intensity rotating, paraxial RSABs, we make use of the
usual decomposition of the total angular momentum in its spin (SAM) and orbital (OAM) components, namely
J = S + L [38]. To do so, we first need to introduce the vector potential A(ρ) associated to the electric and magnetic
fields defined above, since the decomposition assumes a rather simple form if expressed in terms of the vector potential.
Looking at Eqs. (4), it is not difficult to see that A = ∇ ×Π(ρ, t). The explicit expression of A for an intensity
rotating RSAB is given in Appendix B.
Following Ref. [38], the angular momentum density then assumes the following form
j(ρ) = s(ρ) + l(ρ) =
ε0
2
Re {−iA∗ ×A}+ ε0
2
Re {A∗ · (−iρ×∇) A} , (26)
where −iρ×∇ is the angular momentum operator [35] in the normalised cylindrical reference frame {ρˆ, θˆ, ζˆ}. Using
the expression for the vector potential given in Appendix B, the SAM and OAM of a paraxial, intensity rotating
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vector RSAB are given as follows:
s(ρ) =
ε0
2
∑
m,n∈M
{
− S(m,n)ρ sin [(m− n) (θ + Λζ) + φm − φn] ρˆ
+ S
(m,n)
θ cos [(m− n) (θ + Λζ) + φm − φn] θˆ
− S(m,n)ζ (ρ) cos [(m− n) (θ + Λζ) + φm − φn] ζˆ
}
, (27a)
l(ρ) =
ε0
2
∑
m,n∈M
{
L(m,n)ρ (ρ) sin [(m− n) (θ + Λζ) + φm − φn] ρˆ
− L(m,n)θ (ρ) cos [(m− n) (θ + Λζ) + φm − φn] θˆ
+ L
(m,n)
ζ (ρ) cos [(m− n) (θ + Λζ) + φm − φn] ζˆ, (27b)
where
S(m,n)ρ (ρ) =
Dm,n(ρ)β(m− n)
ρ
, (28)
S
(m,n)
θ (ρ) = σSρ(ρ), (29)
S
(m,n)
ζ (ρ) = 2σDm,n(ρ)(β +mΛ)(β + nΛ), (30)
are the components of the spin angular momentum density, while
L(m,n)ρ (ρ) = Dm,n(ρ)(β +mΛ)
[
σ
n(m+ σ)
ρ
+ ρ(β +mΛ)(β + nΛ)
]
, (31)
L
(m,n)
θ (ρ) = σLρ(ρ), (32)
L
(m,n)
ζ (ρ) = Dm,n(ρ)(β +mΛ)
[
m(β +mΛ) + n(m+ σ)
ρ
]
, (33)
are the components of the orbital angular momentum density, and Dm,n(ρ) = |DmDn|Jm(αmρ)Jn(αnρ)/2. In the
above expressions, terms of order O(αm) have been neglected, since, for paraxial fields, αm  1. The longitudinal
and transverse SAM densities are plotted in Fig. 5. As it can be seen, the SAM density can become negative. This
means, that locally, the helicity of the vector RSAB can change sign. However, a close comparison between the SAM
density distribution in Fig. 5 and the transverse and longitudinal intensity distributions depicted in Fig. 3 reveals,
that regions of negative SAM density occur where the RSAB intensity is very low, or even zero.
The spin and orbital angular momenta of paraxial vector RSABs are then obtained by integrating Eqs. (27) over
the transverse space. By doing so we obtain
S = σ
∑
m∈M
|Dm|2S(m)ζ ζˆ, (34a)
L =
∑
m∈M
|Dm|2
[
L(m)θ θˆ + L(m)ζ ζˆ
]
, (34b)
where
S(m)ζ =
ε0
4
∫ ∞
0
dρ ρS
(m,m)
ζ (ρ), (35)
and
L(m)λ =
ε0
4
∫ ∞
0
dρ ρL
(m,m)
ζ (ρ), (36)
being λ ∈ {θ, ζ}. The total SAM is purely longitudinal, and given as the sum of the longitudinal components of the
individual Bessel components. This is not surprising, since we are dealing with paraxial fields, for which the SAM is
only directed along the propagation direction [38].
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FIG. 5. Radial (a) and longitudinal (b) components of the SAM density, as given by Eqs. (28), in the plane ζ = 0, for σ = 1.
The blue regions in both panels indicate areas of negative SAM density, where the helicity is oriented in the opposite direction,
with respect to the propagation direction. The azimuthal component of the SAM density is not reported here, as it is, up to a
constant, the same as the radial one. These plots are made assuming 0 ≤ ρ ≤ 1200. The plot parameters are the same as the
one chosen for Fig. 1. The red arrow in both panels show the direction of rotation of the RSAB intensity.
The OAM, on the other hand, can be seen as the sum of two contributions: an intrinsic component relative to the
intrinsic OAM carried by Bessel beams, and an extrinsic one, connected to the fact that the beam rotates around the
ζ-axis during propagation. Their explicit expression read then as follows:
L(int) =
∑
m∈M
|D˜m|2L(m)int
(
θˆ + ζˆ
)
, (37a)
L(ext) =
∑
m∈M
|D˜m|2
[
σL(m)ext,θθˆ + L(m)ext,ζ ζˆ
]
, (37b)
where D˜m = Dm
√
β +mΛ, and
L(m)int =
ε0
4
m(m+ σ)
∫ ∞
0
dρ J2m(αmρ), (38a)
L(m)ext,θ =
ε0
4
(β +mΛ)2
∫ ∞
0
dρ ρ2J2m(αmρ), (38b)
L(m)ext,ζ =
ε0
4
m(β +mΛ)
∫ ∞
0
dρ J2m(αmρ). (38c)
The intrinsic part of the OAM has the standard spin-orbit interaction form, through the mixed term (m + σ) [38].
The extrinsic part, on the other hand, depends on (β + mΛ), which is, essentially, the angular velocity of the beam
along the ζ-axis. The beam rotation, moreover, also induces a longitudinal OAM, which is, as well, proportional to
the angular velocity (β +mΛ).
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V. CONCLUSIONS
In this work, we have analysed the properties of vector RSABs, generated by focussing a scalar, polarised RSAB.
Using the method of Hertz potentials as a model for the focussing process, we have demonstrated that only circularly
polarised scalar RSABs, when focussed, maintain their self-accelerating character. For this case, we have given explicit
expressions of the TE vector electric and magnetic fields for both field and intensity rotating RSABs. In particular,
we have shown, that the vectorialisation (focussing) process does not allow anymore the amplitude and phase of field
rotating RSABs to rotate synchronously during propagation. Within the paraxial approximation, moreover, we have
presented the explicit expressions for the linear and angular momentum densities of intensity rotating RSABs. For
SAM, in particular, we have shown, that, locally, the SAM density can be negative, thus meaning a local inversion
of the helicity axis. Moreover, for the case of OAM, we have distinguished between the intrinsic and extrinsic
contributions, and shown how the rotation of the RSAB around the propagation axis is connected with the extrinsic
OAM.
Our work represents a useful guideline for investigating experimentally focussed RSABs and their properties. More-
over, the properties highlighted in this work represent a useful toolbox for studying the interaction of RSABs with
matter and dielectric particles. In particular, the fact that locally the linear momentum density flows in the opposite
direction, with respect to the overall beam rotation during propagation, could open new possibilities for particle
manipulation
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APPENDIX A: EXPLICIT FORM OF RSAB ELECTRIC AND MAGNETIC FIELDS
The vector electric and magnetic fields for single Bessel beams defined in Eqs. (10) and (11) can be used to write
the expressions for the RSAB vector electric and magnetic fields explicitly. Substituting these expressions into Eqs.
(8) we then get
E(ρ) = ei(βζ−ωt)
∑
m∈M
eimΦ
{
E(1)m (ρ)
[
(fs cos θ − fp sin θ) ρˆ
− (fp cos θ + fs sin θ) θˆ
]
+
[
E(2)m (ρ) (fp cos θ + fs sin θ)
+ E(3)m (ρ) (fs cos θ − fp sin θ)
]
ζˆ
}
, (39)
where
E(1)m (ρ) = Dmω(β +mΛ)Jm(αmρ), (40)
E(2)m (ρ) = Dm(mω/ρ)Jm(αmρ), (41)
E(3)m (ρ) = iDmω
[
αmJm−1(αmρ)− m
ρ
Jm(αmρ)
]
, (42)
are the radially dependent expansion coefficients for the electric field
B(ρ) = ei(βζ−ωt)
∑
m∈M
eimΦ
{[
B(1)m (ρ) (fp cos θ + fs sin θ)
+ B(2)m (ρ) (fs cos θ − fp sin θ)
]
ρˆ +
[
B(3)m (ρ) (fp cos θ + fs sin θ)
+ B(4)m (ρ) (fs cos θ − fp sin θ)
]
θˆ +
[
B(5)m (ρ) (fp cos θ + fs sin θ)
+ B(6)m (ρ) (fs cos θ − fp sin θ)
]
ζˆ
}
, (43)
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where
B(1)m (ρ) = Dm
[
−αm
ρ
J
′
m(αmρ) + 2m
2Jm(αmρ)
]
, (44)
B(2)m (ρ) = Dm
[
imαm
ρ
J
′
m(αmρ) + 2imJm(αmρ)
]
, (45)
B(3)m (ρ) =
imDm
ρ
[
αmJ
′
m(αmρ)− Jm(αmρ)
]
, (46)
B(4)m (ρ) = Dm
[
(β +mΛ)2Jm(αmρ)− J
′′
m(αmρ)
]
, (47)
B(5)m (ρ) = −
mDm(β +mΛ)
2
Jm(αmρ), (48)
B(6)m (ρ) = iDmαm(β +mΛ)J
′
m(αmρ), (49)
are the radially dependent expansion coefficients for the magnetic field.
APPENDIX B: EXPLICIT EXPRESSION FOR THE VECTOR POTENTIAL FOR RSABS
The vector potential can be defined from the Hertz potential as A(ρ, t) = ∇×Π(ρ, t) [33]. Using Eqs. (5) and (6)
the vector potential for an arbitrary polarised vector RSAB is given, in cylindrical coordinates, as follows:
A(ρ, t) =
∑
m∈M
Dme
i[m(θ+Λζ)+βζ−ωt]
{
− i(β +mΛ)Jm(αmρ)
[
(fs cos θ − fp sin θ) ρˆ
+ i(fp cos θ + fs sin θ) θˆ
]
+
[
αm (fp cos θ + fs sin θ) J
′
m(αmρ)−
im
ρ
(
fp cos θ
+ fs sin θ
)
Jm(αmρ)
]
ζˆ
}
. (50)
For the case of circular polarisation, the above expression simplifies to
A(ρ, t) =
∑
m∈M
Dm√
2
ei[m(θ+Λζ)+σθ+βζ−ωt]
[
A(m)ρ (ρ) ρˆ +A
(m)
θ (ρ) θˆ
+ A(m)ρ (ζ) ζˆ
]
, (51)
where
A(m)ρ (ρ) = σ(β +mΛ)Jm(αmρ), (52a)
A
(m)
θ (ρ) = i(β +mΛ)Jm(αmρ), (52b)
A
(m)
ζ (ρ) = i
[
σαm J
′
m(αmρ)−
m
ρ
Jm(αmρ)
]
. (52c)
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